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The algebra of truth values of type-2 fuzzy sets consists of all mappings of the unit interval
to itself, with type-2 operations that are convolutions of ordinary max and min operations.
This paper is concerned with a special subalgebra of this truth value algebra, namely the
set of nonzero functions with values in the two-element set {0,1}. This algebra can be iden-
tiﬁed with the set of all non-empty subsets of the unit interval, but the operations are not
the usual union and intersection. We give simpliﬁed descriptions of the operations and
derive the basic algebraic properties of this algebra, including the identiﬁcation of its auto-
morphism group. We also discuss some subalgebras and homomorphisms between them
and look brieﬂy at t-norms on this algebra of sets.
 2008 Elsevier Inc. All rights reserved.1. Introduction
Type-2 fuzzy sets were introduced by Zadeh [21], extending the notion of ordinary fuzzy sets. There is now a rather
extensive literature on the subject, discussing both theoretical and practical aspects. See, for example, [4–6, 9,10, 13–20].
The papers [19,20] give a mathematical treatment of the algebra of truth values for type-2 fuzzy sets and some of its sub-
algebras and its automorphisms, and we will refer to many of the results in those two papers.
The elements of the algebraM of truth values of type-2 fuzzy sets are the mappings of the unit interval [0,1] into itself. Its
operations are certain convolutions of operators on the unit interval, which we will describe later. This algebra has a number
of interesting subalgebras, both from a theoretical and practical viewpoint. The algebra M and its subalgebras are examples
of De Morgan bisemilattices, which have applications in multi-valued simulations of digital circuits and in hazard detection
[1–3,7,11].
The truth value algebra of type-1, or ordinary fuzzy sets, is isomorphic to a subalgebra ofM, as is the truth value algebra of
interval-valued fuzzy sets [8,9]. Any subalgebra ofM could serve as a basis of a fuzzy theory, a fuzzy set being a mapping of a
universal set into this subalgebra. Thus subalgebras are of interest on two counts, as bases of fuzzy theories, and as math-
ematical entities per se.
The subalgebra of concern in this paper is the subset E of all mappings of the unit interval into the two-element set {0,1}.
Of course it is in natural one-to-one correspondence with the subsets of the unit interval, but the operations analogous to
meet and join induced on this subalgebra do not correspond to the usual ones of intersection and union. We develop some
of the basic properties of E, its automorphisms, and type-2 t-norms and t-conorms on it. In so doing, it will be conceptually
and computationally convenient to view it as an algebra of subsets of [0,1] with appropriate operations.
We begin in Section 2 with background material on the algebra M of fuzzy truth values, and some properties of the sub-
algebra E. In Section 3, we present the basic facts about the subalgebra E, including the identiﬁcation of some special sub-
algebras and simpliﬁed methods of computing the basic operations of E. These lead to simpliﬁed proofs for E of results. All rights reserved.
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automorphism group of E is naturally isomorphic to the automorphism group of the unit interval. In Section 5, we display
homomorphisms between several of the algebras related to E. Finally, in Section 6 we consider properties of convolutions of
t-norms operating on E and on the algebra of ﬁnite sets in E.
2. The algebraM ¼ ðM;t;u; ; 0; 1Þ
A type-2 fuzzy subset of a set U is a mapping from U into the set M ¼ ½0;1½0;1 of all mappings from the unit interval into
itself. Operations on the set of all such fuzzy subsets of U come pointwise from operations on M. The basic operations of M
were given by Zadeh [21], and we describe those now
Let ^;_, and 0 be the usual operations on [0,1] given byx ^ y ¼minfx; yg
x _ y ¼maxfx; yg
x0 ¼ 1 x
ð1Þand let f and g be in M ¼ ½0;1½0;1. The binary operations t and u on M are deﬁned by the equationsðf t gÞðxÞ ¼ supfðf ðyÞ ^ gðzÞÞ : y _ z ¼ xg
ðf u gÞðxÞ ¼ supfðf ðyÞ ^ gðzÞÞ : y ^ z ¼ xg ð2Þand the unary  operation byf ðxÞ ¼ supff ðyÞ : y0 ¼ xg ¼ f ðx0Þ ð3ÞWe denote by 1 and 0 the elements of M deﬁned by1ðxÞ ¼ 0 if x–1
1 if x ¼ 1

0ðxÞ ¼ 1 if x ¼ 0
0 if x–0
 ð4ÞAt this point, we have the algebra M ¼ ðM;t;u;; 0; 1Þ. This is the basic algebra for type-2 fuzzy set theory. Whatever
equations this algebra satisﬁes will be automatically satisﬁed by the set of all fuzzy type-2 subsets of a set U with the cor-
responding pointwise operations.
The set M also has the pointwise operations _;^; 0 on it coming from operations on [0,1], and is a De Morgan algebra un-
der these operations. In particular, under these operations, it is a lattice with order given by f 6 g if f ¼ f ^ g, or equivalently,
if g ¼ f _ g. These operations are useful in deriving properties of the algebra M. See [19]. For simpliﬁcation of notation, we
write f 2M to mean f 2 M. In general, we adhere as much as possible to the notation in [19,20].
Theorem 1. For f 2M, let f L and f R be the elements of M deﬁned byf LðxÞ ¼ _y6xf ðyÞ
f RðxÞ ¼ _yPxf ðyÞ
ð5ÞThen for f and g 2M
f t g ¼ ðf ^ gLÞ _ ðf L ^ gÞ ¼ ðf _ gÞ ^ ðf L ^ gLÞ ð6Þ
f u g ¼ ðf ^ gRÞ _ ðf R ^ gÞ ¼ ðf _ gÞ ^ ðf R ^ gRÞ ð7ÞNote that for any f 2 M; f L is the smallest monotone increasing function above f and f R is the smallest monotone decreas-
ing function above f. Here, ‘‘smallest” is relative to the pointwise operations ^ and _ on M.
Using Eqs. (6),(7), it is fairly straightforward to verify the following basic properties of M. See [19] for details.
Corollary 2. Let f ; g; h 2M. Then
1. f t f ¼ f ; f u f ¼ f
2. f t g ¼ g t f ; f u g ¼ g u f
3. 1 u f ¼ f ; 0 t f ¼ f
4. f t ðg t hÞ ¼ ðf t gÞ t h; f u ðg u hÞ ¼ ðf u gÞ u h
5. f t ðf u gÞ ¼ f u ðf t gÞ
6. f  ¼ f
7. ðf t gÞ ¼ f  u g; ðf u gÞ ¼ f  t g
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generated byM has not been studied. A basic question is whether or not the variety generated byM is the variety of all alge-
bras satisfying these equations.
3. The subalgebra E of sets in M
A subalgebra of an algebra is a subset of that algebra that is closed under the operations of the algebra. The algebraM has
many interesting subalgebras, some of which are investigated in [19,20]. This paper is about a particular subalgebra E of M
and some of its subalgebras. For S# ½0;1, let S be the characteristic function of S; that is, SðxÞ ¼ 1 if x 2 S, and is 0 otherwise.
The elements S are called sets in M. The elements are actually mappings of [0,1] into {0,1}, so are in one-to-one correspon-
dence with the subsets of [0,1]. The following proposition is routine.
Proposition 3. The non-empty subsets of [0,1] form a subalgebra of M.
This subalgebra will be denoted by E (for ensembles). It is discussed brieﬂy in [19], Section 3.7. The algebra E is the main
focus of this paper.
We write a for fag, and these elements are called singletons. The set of singletons is a subalgebra of M, and a#a is a
monomorphism from the truth value algebra I ¼ ð½0;1;^;_; 0;0;1Þ of ordinary type-1 fuzzy sets into M. We will denote
the subalgebra of singletons by S. For a 6 b, the elements ½a; b are called (closed) intervals.The set of closed intervals is a
subalgebra of M denoted D. The mapping ða; bÞ#½a; b is a monomorphism from the truth value algebra of interval-valued
fuzzy sets into M. Observe that S  D  E M. The algebra S is a Kleene algebra and D is a De Morgan algebra. See [19]
for details.
We now describe various subalgebras of E besides S and D, and point out some of their properties, using some of the re-
sults in [19].
Deﬁnition 4. An element f 2M is normal if supx2½0;1f ðxÞ ¼ 1.
The set of normal elements forms a subalgebra N of M. The elements of E are all normal, so E is a subalgebra of N.
Using Eqs. (6) and (7) it is easy to show that if f is normal then 1 t f ¼ 1 and 0 u f ¼ 0. Thus the equations in Corollary 2,
together with the fact that functions in E are normal, show that E is a bounded De Morgan bisemilattice [1].
Deﬁnition 5. An element f 2M is convex if whenever x 6 y 6 z, then f ðyÞP f ðxÞ ^ f ðzÞ, or equivalently, if f ¼ f L ^ f R.
The set of convex elements forms a subalgebra C ofM. See [19], Section 3.4. It is easy to see that the convex elements of E
are of the form S, where S is an interval (open, half-open, or closed). Since convex functions C form a subalgebra of M, these
intervals, being C \ E, form a subalgebra of E. Finally, since the normal convex functions form a De Morgan subalgebra of M
[9], we get the following.
Proposition 6. The intervals in E form a De Morgan subalgebra of E.
This subalgebra C \ E of all intervals will be denoted by J. This De Morgan algebra contains the De Morgan algebra D
above, so at this point we haveS  D  J  E ð8ÞRemember that S is actually a Kleene algebra. We mention brieﬂy a special Kleene subalgebra of Ewhich is a consequence of
Theorem 40 in [19].
Proposition 7. The elements S, where S is a subinterval of [0,1/2] or of [1/2,1], form a Kleene subalgebra K of E.
This subalgebra is a maximal Kleene subalgebra of E, again as asserted in Theorem 41 of [19]. There are many other Kle-
ene subalgebras of E, for example the elements of K with rational endpoints, or those elements of K that are closed, or those
closed on the left if contained in [0,1/2] and closed on the right if contained in [1/2,1].
The algebra E fails to be a lattice because the absorption laws S t ðT u SÞ ¼ S and S u ðT t SÞ ¼ S fail to hold. For an exam-
ple, take S ¼ f1=4;3=4g and T ¼ f1=2g. Then T u S ¼ f1=4;1=2g and S t ðT u SÞ ¼ f1=4;1=2;3=4g–S. Also S u ðT t SÞ ¼ f1=4;
1=2;3=4g–S. A similar example shows that the algebra E also fails to be distributive. Take U ¼ f1g, then S u ðT t UÞ ¼
f1=4;3=4g while ðS u TÞ t ðS u UÞ ¼ f1=4;1=2;3=4g.
There is another subalgebra of very special interest – the ﬁnite subsets, that is, those elements of E with ﬁnite non-
empty support. This subalgebra will be denoted F, and it is straightforward to verify that indeed it is a subalgebra. The
subalgebra F of ﬁnite subsets of [0,1], which is mentioned brieﬂy in Section 3.8 of [19], may be a prime candidate for
applications.
A fuzzy subset of a set U is a mapping U ! ½0;1. The image of an element u is interpreted as the degree to which u belongs
to that fuzzy subset, and such values may be provided by ‘‘experts” or the reading of an instrument. For ﬁnite-valued subsets
of [0,1], a fuzzy subset of a set U is a mapping U ! F, so the image of each element of U is a ﬁnite subset of [0,1]. That is, the
degree to which an element u ‘‘belongs” to this fuzzy subset is a ﬁnite subset of [0,1] instead of a single element. For interval-
valued subsets, an image is a closed interval of [0,1].





ð9Þwhere the indicated inclusions are as subalgebras. Thus for fuzzy sets themselves, those with values in F are generalizations
of type-1 fuzzy sets, as are those that are interval-valued. The arbitrary non-empty set-valued ones are generalizations of
both the ﬁnite-valued fuzzy subsets with values in F and interval-valued ones.
Almost all applications of type-2 fuzzy sets have actually been applications of interval-valued ones. One reason is that
certain computational difﬁculties are more tractable there. There is a treatment of the fundamental algebraic properties
of interval-valued fuzzy sets in [9]. In any case, E is a subalgebra of M containing the algebra of truth values of interval-val-
ued fuzzy sets, so affords a more general situation. Conceivably, it could be of some practical use. An interval-valued fuzzy
subset of a set U is a mapping of U into the set f½a; b : a 6 bg of closed intervals of [0,1], or as elements of M, into the set of
characteristic functions of the form ½a; b. More generally, a set-valued fuzzy subset of a set U would be a mapping of U into
the set of functions of the form S, functions having the value 0 or 1 at every point of their domain.
If the functions S are identiﬁed with the corresponding subsets S of [0,1], then the following are clear for S; T# ½0;1:
S _ T ¼ S [ T and S ^ T ¼ S \ T
SL ¼ fx : xP some element of Sg
SR ¼ fx : x 6 some element of Sg
ð10ÞIn the usual ordering of [0,1], SL is the upset of S and SR is the downset of S in the standard terminology for partially ordered
sets. Making this identiﬁcation, the formulas for t and u becomeS t T ¼ ðS [ TÞ \ SL \ TL ¼ ðS \ TLÞ [ ðSL \ TÞ
S u T ¼ ðS [ TÞ \ SR \ TR ¼ ðS \ TRÞ [ ðSR \ TÞ
ð11ÞThus the operations t and u can be expressed in terms of ordinary union and intersection of sets. Also, 1 corresponds to the
set {1}, 0 to the set {0}, and S corresponds to the set f1 s : s 2 Sg, which we denote S. The mapping S! S is an isomor-
phism from the algebra of non-empty subsets of [0,1], with the operations indicated in (11), to the algebra E.
From now on, we will identify the characteristic functions Swith the corresponding subsets S of [0,1], and simply write S.
We will also denote the singletons fag simply by a. We work with this algebra of non-empty subsets of [0,1] since it is con-
ceptually simpler than the subalgebra E of M. We still denote this algebra of non-empty subsets of [0,1] by E, and its oper-
ations by t;u; ,0 and 1.
Of course, the Eqs. (1)–(7) above hold since they hold inM itself. This subalgebra E is actually closed under several other
operations. For example it is closed under unions (but not intersections, since the intersection of two of these sets may be
empty). Also SL and SR are in E whenever S is.
Using the Eq. (11) we can give a pointwise description for the operations u and t that will simplify proving some prop-
erties of these operations. In the following, we will use Theorem 8 or Eq. (11) in our calculations, whichever seems more
appropriate.
Theorem 8. Let S and T be subsets of [0,1]. ThenS t T ¼ fs _ t : s 2 S; t 2 Tg ð12Þ
S u T ¼ fs ^ t : s 2 S; t 2 Tg
S ¼ f1 s : s 2 Sg ð13ÞProof. The element s _ t is equal to either s or t, so is an element of S [ T. If s _ t ¼ t, then t P s implies t 2 SL and of course,
t 2 TL so s _ t 2 SL \ TL. Similarly, if s _ t ¼ s, then s _ t 2 SL \ TL. Thus fs _ t : s 2 S; t 2 Tg# S t T.
On the other hand, if a 2 S t T , then a 2 SL implies there is an s 2 Swith s 6 a, and a 2 TL implies there is a t 2 T with t 6 a.
Since a 2 S [ T , either a 2 S or a 2 T . If a 2 S, then a ¼ a _ t, and if a 2 T , then a ¼ s _ a. In either case, a 2 fs _ t : s 2 S; t 2 Tg.
This completes the proof. h
Note that, if S and T both have a smallest element, say s0 and t0, then S t T ¼ fs0 _ t : t 2 Tg [ fs _ t0 : s 2 Sg. And if S and T
both have a largest element, say s1 and t1, then S u T ¼ fs1 ^ t : t 2 Tg [ fs ^ t1 : s 2 Sg. Thus for ﬁnite sets, the computational
complexity increases with the sum of the numbers of elements in S and T, rather than the product. This is another indication
that ﬁnite sets may be of interest in applications.
We make a comment here about notation. The Eq. (12) suggests the notation S _ T for the set S t T . However, S _ T already
has a different interpretation when considering S and T as functions ½0; 1 ! f0;1g, so this notation for S t T is not
appropriate.
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For an algebra A, AutðAÞ will denote the set of all automorphisms of A. This set is a group under composition of maps. In
particular, the inverse of an automorphism is an automorphism.
Here we investigate automorphisms of the algebra E. Automorphisms of an algebra are one-to-one mappings of that alge-
bra onto itself that preserve the operations of that algebra. Thus u is an automorphism of the algebra E if u is a one-to-one
mapping of E onto itself such that for all S; T 2 E,uðS t TÞ ¼ uðSÞ t uðTÞ




ð14ÞActually, in this case, it is an easy exercise to show that if the ﬁrst two equations are satisﬁed, then so are the last two. So to
verify that u is an automorphism, we need only that it is one-to-one and onto and preserves t;u and *.
As subalgebra of an algebra is a characteristic subalgebra if every automorphism of the containing algebra induces an
automorphism of the contained one. In [20], characteristic subalgebras of M were investigated, and in particular, it was
shown that E is characteristic in M. In general, a characteristic subalgebra may have automorphisms besides those induced
by a particular containing one. In this section, we will settle that issue, identifying precisely the automorphisms of E. We will
show that its automorphisms are all induced by automorphisms of I ¼ ð½0;1;^;_; 0;0;1Þ. This is analogous to the situation
for the truth value algebra of interval-valued fuzzy sets [9]. Since a set S is the union of its singleton subsets, i.e., S ¼ [a2Sa, an
automorphism u of I does induce a mapping uðSÞ ¼ [a2SuaÞ of E into itself. We will show that these mappings are precisely
the automorphisms of the algebra E. It will also turn out that the automorphisms of E ¼ ðE;t;u; 0; 1Þ are all induced by auto-
morphisms of I ¼ ð½0;1;^;_;0;1Þ.
Determining the irreducible elements of E is crucial in showing this. Irreducible elements must go to irreducible elements
under any automorphism.
Deﬁnition 9. An element S of E is join irreducible if S ¼ S1 t S2 implies that S ¼ S1 or S ¼ S2. An element S of E is meet
irreducible if S ¼ S1 u S2 implies that S ¼ S1 or S ¼ S2. An element is irreducible if it is both join and meet irreducible.
Proposition 10. The irreducibles in E are the singletons and the two-element set {0,1}.
Proof. Suppose x; y 2 S for some S 2 E, with x < y. If x > 0, then ððS [ 0Þ n xÞ t ðS n yÞ ¼ ðS [ 0Þ \ ½0;1 \ SL ¼ S shows that S is
not irreducible. If y < 1, then ðS n xÞ u ððS [ 1Þ n yÞ ¼ ðS [ 1Þ \ ½0;1 \ SR ¼ S again shows that S is not irreducible. Thus either S
is a singleton or S ¼ f0;1g.
If S t T ¼ a for some a 2 ½0;1, then fs _ t : s 2 S; t 2 Tg ¼ a. It follows that S ¼ a or T ¼ a. Similarly, if S u T ¼ a, then S ¼ a
or T ¼ a. Thus a is irreducible.
If S t T ¼ f0;1g, then fs _ t : s 2 S; t 2 Tg ¼ f0;1g implies 0 2 S and 0 2 T . This implies that neither S nor T can contain an
element different from 0 or 1. But also it must be true that either 1 2 S or 1 2 T , and it follows that either S ¼ f0;1g or
T ¼ f0;1g. The proof for u is similar. Thus f0;1g is irreducible. h
Notice that the operation * did not appear in the determination of these irreducibles.
Corollary 11. Every automorphism of E induces an automorphism of the subalgebra S of singletons and takes the set {0,1} to itself.
Proof. We need only show that for a 2 ð0;1Þ and u an automorphism of E, uðaÞ–f0;1g. So suppose that uðaÞ ¼ f0;1g. Let
a < b < 1. Then uðbÞ must be a singleton and it cannot be either 0 or 1. Now a t b ¼ b, and
uða t bÞ ¼ uðbÞ ¼ ðf0;1g [ uðbÞÞ \ uðbÞL ¼ uðbÞ [ 1–uðbÞ. h
Note that since S is isomorphic to I ¼ ð½0;1;_;^; 0;0;1Þ; automorphisms of E induce automorphisms of I. Of course, auto-
morphisms of I induce automorphisms of S.
In the following paragraphs, u will be an automorphism of the algebra E, the set of non-empty subsets of [0,1]. Recall,
from Eq. (11) and Theorem 8, the operations t;u; ;0;1 are given byS t T ¼ ðS [ TÞ \ SL \ TL ¼ fs _ t : s 2 S; t 2 Tg
S u T ¼ ðS [ TÞ \ SR \ TR ¼ fs ^ t : s 2 S; t 2 Tg
S ¼ f1 s : s 2 Sg and 0 ¼ f0g and 1 ¼ f1g
ð15Þand that, in general, we will write a for the singleton set fag. We need some elementary facts, which we list below.
Lemma 12. Let S be a non-empty subset of [0,1]. Then
1. ð0 [ 1Þ u S ¼ 0 [ S
2. ð0 [ 1Þ t S ¼ 1 [ S
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4. uðS [ 1Þ ¼ 1 [ uðSÞ
5. If a 2 SR then ða [ 1Þ u S ¼ a [ S
6. If a 2 SL then ð0 [ aÞ u S ¼ a [ SProof. The proofs are straightforward, using Eq. (15).
1. ð0 [ 1Þ u S ¼ f0 ^ s : s 2 Sg [ f1 ^ s : s 2 Sg ¼ 0 [ S
2. ð0 [ 1Þ t S ¼ f1 _ s : s 2 Sg [ f0 _ s : s 2 Sg ¼ 1 [ S
3. uð0 [ SÞ ¼ uðð0 [ 1Þ u SÞ ¼ ðuð0 [ 1Þ u uðSÞÞ ¼ ðuð0 [ 1Þ [ uðSÞÞ \ uð0 [ 1ÞR \ uðSÞR ¼ ð0 [ 1 [ uðSÞÞ \ uðSÞR ¼ 0 [ uðSÞ
4. uðS [ 1Þ ¼ uðð0 [ 1Þ t SÞ ¼ uð0 [ 1Þ t uðSÞ ¼ ðuð0 [ 1Þ [ uðSÞÞ \ uð0 [ 1ÞL \ uðSÞL ¼ ð0 [ 1 [ uðSÞÞ \ uðSÞL ¼ 1 [ uðSÞ
5. a 2 SR implies that ða [ 1Þ u S ¼ ðða [ 1Þ [ SÞ \ ða [ 1ÞR \ SR ¼ ðða [ 1Þ [ SÞ \ SR ¼ a [ S
6. a 2 SL implies that ð0 [ aÞ u S ¼ ðð0 [ aÞ [ SÞ \ ð0 [ aÞL \ SL ¼ ðð0 [ aÞ [ SÞ \ SL ¼ a [ S
The following theorem is the key to determining the automorphisms of E.
Theorem 13. Let u 2 AutðEÞ: Then uða [ SÞ ¼ uðaÞ [ uðSÞ.
Proof. Suppose that a R S. Note that for any a and any S, either a 2 SL or a 2 SR. Suppose that a 2 SR. Then, using (4) and (5)
above,uða [ SÞ ¼ uðða [ 1Þ u SÞ ¼ uða [ 1Þ u uðSÞ ¼ ðuða [ 1Þ [ uðSÞÞ \ ðuða [ 1ÞÞR \ ðuðSÞÞR
¼ ð1 [ uðaÞ [ uðSÞÞ \ ð1 [ uðaÞÞR \ ðuðSÞÞR ¼ ð1 [ uðaÞ [ uðSÞÞ \ ðuðSÞÞR ¼ ðuðaÞ [ uðSÞÞ \ ðuðSÞÞRThis last quantity is either uðaÞ [ uðSÞ or uðSÞ, and the latter is impossible since a [ S–S. Thus uða [ SÞ ¼ uðaÞ [ uðSÞ. Now
suppose that a 2 SL. Then similarly,uða [ SÞ ¼ uðð0 [ aÞ u SÞ ¼ uð0 [ aÞ u uðSÞ ¼ ðuð0 [ aÞ [ uðSÞÞ \ ðuð0 [ aÞÞL \ ðuðSÞÞL
¼ ð0 [ uðaÞ [ uðSÞÞ \ ð0 [ uðaÞÞL \ ðuðSÞÞL ¼ ð0 [ uðaÞ [ uðSÞÞ \ ðuðSÞÞL ¼ ðuðaÞ [ uðSÞÞ \ ðuðSÞÞL ¼ uðaÞ [ uðSÞ
Suppose now that a 2 S. If S ¼ a;uðaÞ 2 uðSÞ. If S has at least two-elements, then S ¼ a [ ðS n aÞ, and
uðSÞ ¼ uða [ ðS n aÞÞ ¼ uðaÞ [ uðS n aÞ, whence uðaÞ 2 uðSÞ. h
Corollary 14. Let u 2 AutðEÞ. Then a 2 S if and only if uðaÞ 2 uðSÞ.
Proof. If a 2 S, then uða [ SÞ ¼ uðaÞ [ uðSÞ ¼ uðSÞ so uðaÞ 2 uðSÞ. If uðaÞ 2 uðSÞ, then S ¼ u1ðuðSÞÞ ¼ u1ðuðaÞ [ uðSÞÞ ¼
u1ðuðaÞÞ [ u1ðuðSÞÞÞ ¼ a [ S. h
Theorem 15. Let u 2 AutðEÞ. Then uðSÞ ¼ [a2SuðaÞ. Moreover, u acting on singleton sets is an automorphism of I. Conversely, if
u 2 AutðIÞ, then uðSÞ ¼ [a2SuðaÞ is an automorphism of E.
Proof. The ﬁrst equation follows immediately from the previous corollary, and the rest is an easy calculation using Theorem
8. To see u acting on singleton sets is an automorphism of I, just observe that Theorem 8 gets a t b ¼ a _ b and a u b ¼ a ^ b.
For the converse, if u 2 AutðIÞ, the induced map satisﬁesuðS t TÞ ¼ uðfs _ t : s 2 S; t 2 TgÞ ¼ [s2S;t2Tuðs _ tÞ
anduðSÞ t uðTÞ ¼ fuðsÞ _ uðtÞ : s 2 S; t 2 Tg ¼ [s2S;t2TuðsÞ _ uðtÞbut since u is an automorphism of I, we have uðs _ tÞ ¼ uðsÞ _ uðtÞ. h
Corollary 16. Let u 2 AutðEÞ. Then S# T if and only if uðSÞ #uðTÞ.
Since the unary operation  played no role, these same results hold for automorphisms of the algebra E ¼ ðE;t;u;0;1Þ. In
this case, an automorphism u is not required to preserve the negation . We conclude, in particular, the following.
Corollary 17. AutðEÞ  AutðIÞ and AutðEÞ  AutðIÞ.5. Homomorphisms
There are some interesting homomorphisms between the algebras M, E, S, F, and D. Viewing all these as type-2, all are
subalgebras of M [20]. First we show that E is a homomorphic image of M.
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Proof. Observe that rðf _ gÞ ¼ rðf Þ _ rðgÞ; rðf ^ gÞ ¼ rðf Þ ^ rðgÞ; rðf LÞ ¼ rðf ÞL; rðf RÞ ¼ rðf ÞR; rðf Þ ¼ rðf Þ; rð1Þ ¼ 1, and
rð0Þ ¼ 0. The rest is easy using Eqs. (6) and (7) in Section 2. h
Theorem 19. The function c : E! E : S#SL \ SR is an idempotent endomorphism. The image is the set of all intervals (including
closed, open, and half-open/half-closed intervals).
Proof. Let S; T 2 E.cðS t TÞ ¼ðS t TÞL \ ðS t TÞR
¼ðSL t TLÞ \ ðSR t TRÞ
¼½ðSL [ TLÞ \ ðSL \ TLÞ \ ½ðSR [ TRÞ \ ðSRL \ TRLÞ
¼½ðSL [ TLÞ \ ðSL \ TLÞ \ ðSR [ TRÞ
¼ðSL \ TLÞ \ ðSR [ TRÞ
cðSÞ t cðTÞ ¼ðSL \ SRÞ t ðTL \ TRÞ
¼½ðSL \ SRÞ [ ðTL \ TRÞ \ ðSL \ SRÞL \ ðTL \ TRÞL
¼½ðSL \ SRÞ [ ðTL \ TRÞ \ ðSL \ TLÞ
¼ðSL \ TLÞ \ ðSR [ TRÞ
ðcðSÞÞ ¼ðSL \ SRÞ ¼ SL \ SR
¼SR \ SL ¼ cðSÞThat c preserves u follows from the fact that it preserves t and , and it is trivial that c preserves 0 and 1. Clearly, c is an
idempotent function. h
Thus the algebra E has the De Morgan algebra J of all intervals as a retract.
Corollary 20. The restriction of c to the subalgebra F of ﬁnite non-empty subsets of [0,1] is a homomorphism from F onto D, the
subalgebra of closed intervals.
The set of non-empty closed subsets of [0,1] is a subalgebra G of E.
Corollary 21. The restriction of c to the subalgebra G of non-empty closed subsets of [0,1] is an idempotent homomorphism from G
onto D, the subalgebra of closed intervals.6. Properties of t-norms on E
Triangular norms (t-norms) and conorms are commonly introduced in fuzzy set theory to generalize disjunction and con-
junction. See [12] for a thorough discussion of these operations for type-1 fuzzy sets. If  is any binary operation on [0,1],
then its convolution  given byðf  gÞðxÞ ¼
_
yz¼x
ðf ðyÞ ^ gðzÞÞ ð16Þis a binary operation onM. There is a discussion of properties of such a type-2 t-norm in [19], and in [10] there is a thorough
development of such type-2 t-norms and related operations for the subalgebra ofM consisting of normal, convex, and upper
semicontinuous functions. Here, we interpret the results in [19] for the algebras E and F.
For subsets A and B, that is, elements of E, Eq. (16) translates toA  B ¼ [ffa  bg : a 2 A; b 2 Bg ð17ÞIn particular, if  is a t-norm on [0,1], then  is a type-2 t-norm on E. Because E is not a lattice we will not obtain all of the
usual properties of a t-norm. However, convolutions of t-norms do have some interesting and useful properties. The results
stated below are translations of results in Section 5 of [19] to the algebra E.
Proposition 22. Let  be the convolution of a t-norm. Then for A;B;C 2 E,
1.  is commutative and associative
2. A  1 ¼ A
3. A  ðB [ CÞ ¼ ðA  BÞ [ ðA  CÞ
4. If B#C, then ðA  BÞ# ðA  CÞ
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is a t-conorm. For subsets A and B, (18) translates toA } B ¼ [ff1 ðð1 aÞ  ð1 bÞÞg : a 2 A; b 2 Bg ð19ÞProposition 23. Let } be the dual of a type-2 t-norm. Then for A;B;C 2 E,
1. } is commutative and associative
2. A } 0 ¼ A
3. A } ðB [ CÞ ¼ ðA } BÞ [ ðA } CÞ
4. If B#C, then ðA } BÞ# ðA } CÞProposition 24. If the t-norm  is continuous1, then
1. A  ½0;1 ¼ AR and A } ½0;1 ¼ AL
2. ðA  BÞR ¼ AR  BR and ðA  BÞL ¼ AL  BL
3. ðA } BÞR ¼ AR } BR and ðA } BÞL ¼ AL } BL
The convex sets in E are the intervals. This includes the singletons and open and half-open/half-closed intervals as well as
the closed intervals. These play a special role here.
Proposition 25. The distributive lawsA  ðB u CÞ ¼ ðA  BÞ u ðA  CÞ
A  ðB t CÞ ¼ ðA  BÞ t ðA  CÞ
A } ðB u CÞ ¼ ðA } BÞ u ðA } CÞ
A } ðB t CÞ ¼ ðA } BÞ t ðA } CÞ
ð20Þhold for all B;C 2 E if and only if A is an interval.
On the unit interval, t-norms are increasing in each variable. There are two analogous order relations on M, and conse-
quently on E as well, but these are only partial orders. Type-2 t-norms behave in a similar way with respect to them in the
special case considered below. First, a reminder of the deﬁnitions of these partial orders.
Deﬁnition 26. A v B if A u B ¼ A;A 	 B if A t B ¼ B.
Proposition 27. The relations v and 	 are reﬂexive, antisymmetric, and transitive, thus are partial orders.
This is immediate from A u A ¼ A ¼ A t A and the commutative and associative laws for u and t. These two partial orders
are not the same, and neither implies the other. For example, A v 1, but it is not true that A 	 1. Under the partial order v,
any two sets A and B have a greatest lower bound. That greatest lower bound is A u B. However, A and Bmay not have a least
upper bound, so v is not a lattice order. Analogous remarks hold for 	.
Corollary 28. If A is an interval and B v C, then A  B v A  C and A } B v A } C. If A is an interval and B 	 C, then A  B 	 A  C
and A } B 	 A } C.
If A and B are ﬁnite sets, then A  B is also ﬁnite. Thus the convolution of a t-norm induces a type-2 t-norm on F.
7. Concluding remarks
The algebra of subsets of the unit interval with type-2 operations has many interesting properties, in spite of the fact that
it is not a lattice. The computational requirements for working in this algebra are computing the union and intersection of
sets, which means computing the maximum and minimum of functions ½0;1 ! f0;1g, and computing the upset and down-
set of a set, which requires computing the bounds on a subset of the unit interval. The subalgebra of ﬁnite subsets of the unit
interval is a potentially interesting algebra of truth values for applications. An element of a fuzzy set with this algebra of
truth values corresponds to an ‘‘expert” specifying a ﬁnite number of elements of [0,1] instead of just one. It generalizes
the notion of an ordinary fuzzy set. A common generalization is that of interval-valued fuzzy sets, where an element speciﬁes
a whole interval of values instead of just one.19] properties 1 and 2 were claimed to hold without the assumption of continuity. But this assumption is clearly necessary.
C.L. Walker, E.A. Walker / International Journal of Approximate Reasoning 50 (2009) 63–71 71Much of the theory of the truth value algebra of type-2 fuzzy sets goes through if [0,1] is replaced by a complete linearly
ordered set. One particularly interesting case is when [0,1] is replaced by a ﬁnite linearly ordered set. The resulting algebra is
of some combinatorial interest and is the subject of a forthcoming paper. A potentially interesting notion, at least mathemat-
ically, is to replace the unit interval by an arbitrary bounded partially ordered set, with the operations as speciﬁed for the
algebra of sets with type-2 operations. There one has the usual interplay between ordinary union and intersection of sets
and a partial order relation.
We thank the referees for useful comments.
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